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Abstract 

An attempt has been made to investigate the global SU(2) and 5(7(3) unitary flavor symmetries 
systematically in terms of quaternion and octonion respectively. It is shown that these symmetries 
are suitably handled with quaternions and octonions in order to obtain their generators, commu- 
tation rules and symmetry properties. Accordingly, Casimir operators for 5(7(2) and 5(7(3) flavor 
symmetries are also constructed for the proper testing of these symmetries in terms of quaternions 
and octonions. 
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1 Introduction 

Division algebras, specifically quaternions and octonions, Jordan and related algebras, are described [T] 
in a conceited manner in unified theories of basic interactions. Quaternions were discovered by Hamilton 
[2] in 1843 as an illustration of group structure and also applied to mechanics in three-dimensional space. 
Quaternions have the same properties as complex numbers with the difference that the commutative law 
is not valid in their case. It gave the importance to quaternions in terms of their possibility to understand 
the fundamental laws of physics. Rather, the octonions [3J H] form the widest normed algebra after the 
algebra of real numbers, complex numbers and quaternions. The octonions are also known as Cayley 
Graves numbers and also have an algebraic structure defined on the 8-dimensional real vector space in 
such a way that two octonions can be added, multiplied and divided with the fact that multiplication 
is neither commutative nor associative. Nevertheless, other expected properties like distributivity and 
alternativity hold well to the case of octonions. Indeed, Pais [5] pointed out a striking similarity between 
the algebra of interactions and the split octonion algebra. Furthermore, some attention has been given to 
octonions [6] in theoretical physics in order to extend the 3+1 space-time to eight dimensional space-time 
as the consequence to accommodate the ever increasing quantum numbers and internal symmetries related 
to elementary particles and gauge fields. However, Giinaydin and Giirsey [7] has also developed the quark 
model and color gauge theory in terms of split octonions. Above all, a Casimir operator 013], named after 
Hendrik Casimir, was described as an important tool in the study [TU1 fTTl [T21 [T31 IT41 [T51 \W\ of associative 
and alternative algebras. There is an infinite family of Casimir operators whose members are expressible 
in terms of a number of primitive Casimirs equal to the rank of the underlying group. Moreover, an 
algebra of colors suitably handled with octonions has been discussed [T7] for two Casimir operators and 
the two generators of the Cartan sub algebra of the automorphism group SU(3) of the Hilbert space. 
Further, we have developed [18] the quaternionic formulation of Yang- Mill's field equations and octonionic 
reformulation of quantum chromo dynamics (QCD) where the resemblance between quaternions and 
SU(2) and that of octonions and SU (3) gauge symmetry has been discussed. The color group SU(3)c 
is embedded with in the octonionic structure of the exceptional groups while the SU(3) flavor group has 
been discussed in terms of triality property of the octonion algebra. Therefore, we have also derived the 
relations for different components of isospin with quark states. On the other hand , we [19] have analyzed 
this formalism to the case of SU(3) flavor group in terms of its splitting to various pairs of SU(2) isospin 
handled with quaternions. Likewise, the various commutation relations among the generators of SU (3) 
group and its shift operators have been derived and verified in terms of different isospin multiplets i.e. 
I, U and V- spins. Keeping in view, the utilities of quaternions and octonions in internal symmetry 
groups, in this paper, we have made an attempt to investigate the global SU(2) and SU(3) unitary flavor 
symmetries respectively in terms of quaternions and Octonions. Therefore, we have developed SU(2) 
flavor symmetry from quaternions to relate isotopic spin and also SU (3) symmetry (the so called eight 
fold way) from octonions to study the three flavors of quarks and anti-quarks. It is shown that these 
symmetries are suitably handled with quaternions and octonions in order to obtain their generators, 
commutation rules and symmetry properties. Consequently, the analogous Casimir operators for SU{2) 
and SU{3) flour symmetry groups are analyzed and suitably handled respectively with quaternions and 
octonions. It is also shown that analogous Casimir operators commute with the corresponding generators 
of SU{2) and SU(3) gauge groups. 

2 Quaternion Gauge Theory and Isospin 

Let <f>(x) be a quaternionic field (Q field) and expressed as 
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<S> =e </> + &j<Pj (V j = 1, 2, 3) (1) 

where (f>o and 0j are local Hermitian fields while the eo and ej are respectively the real and the imaginary 
basis of quaternion Q satisfying the following multiplication property 



= e ; e ej = -5jke + ejuei (Vj, fc,Z = 1,2,3). (2) 

The quaternion basis elements (eo, ei, e2, 63) may also be written [2131 |2"T1 l2"2l |2"51 I2"4l |2"5] in terms of 4 x 4 
real or 2 x 2 complex matrices. The 2x2 correspondence with complex matrices is described [2TJ H2] as 
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which are expressed as 2 x 2 Pauli spin Hermitian matrices Tj(\/j = 1, 2, 3) connected to spatial unitary 
group SU(2) as 
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However, in quantum Chromodynamics, flavor is a global symmetry where the unitary transformations 
are independent of space and time. Rather, this symmetry is broken in the electroweak theory and flavor 
changing processes exist, such as quark decay or neutrino oscillations. SU(2) isospin flavor symmetry 
at the quark level is denoted by 5(7(2)/. Therefore, the SU(2) global gauge symmetry may be handled 
with quaternion gauge formalism in an enthusiastic manner. So, a quaternion spinor if> transforms as 



?A 1 — >i><= Uip (5) 
where U is 2 x 2 unitary matrix and satisfies 



U f U =uW = uu- 1 = u- 1 u = 1. (6) 

On the other hand, the quaternion conjugate spinor transforms as 

^, — = tfU- 1 . (7) 

Therefore, the combination ipip = ipTp = ijjip' = ip'tp is an invariant quantity. We may thus write any 
unitary matrix as 




where H is Hermitian W = H. Here, the Hermitian 2x2 matrix may be defined in terms of four real 
numbers, ai t a 2 , and ao as 
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H = agl + Tjctj = Qfoeo — i ctj^j (Vj = 1, 2, 3) 



(9) 



where 1 is the 2x2 unit matrix and thus we may write the Hermitian matrix H as 

_ I a + a 3 on — ia 2 
\a 1 + ia.2 «o — <33 

For global gauge transformations both cto = 6 (say) and ~ce are independent of space-time so that the 
proton-neutron (or u-d quark) doublet wave function be described |19j as 




where \u > — I J and \d >= ( J j and equation ([TT]) then transforms as 



with 



U = exp f-ctjTj^ =exp ^— —ctjej\ = exp(i~ot.T). (13) 

Here, the isospin 7^ is considered as the analog of the angular momentum and the rotational invariance in 
internal isotopic spin space implies that the isospin is conserved. The generators of isospin [i.e the SU(2)] 
group are defined as Tj = hrj = ^ej(Vj — 1,2,3) which satisfy the following well known commutation 
relation 



Tj,T k =ie jk iTi (Vj, k, I = 1, 2, 3). 



(14) 



In SU(2) f , define the base state -0 



u 
d 



2, is sometimes called the "fundamental representation". 



Accordingly, the conjugate state corresponds to the antiparticle (ant-quark or anti-nucleon) states which 
are described by the complex conjugate (not the Hermitian conjugate) of the SU(2) f representation 

vj 

since here we require the transformations for column vector ( _ ) instead of the row vector (u, d). So, by 

d 

identifying u = u* and d = d*, we may write SU(2)f transformation law for the anti quark doublet as 



w 
dl 



U*ip* ^ exp(a i e i /2) 



(15) 
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It should be noted that the quark doublet [u, d) and anti-quark doublet (u, ct) transform differently under 
SU(2)f transformations. These two representations are unitary equivalent, so we can consider unitary 
matrix Uc as 



Uc exp (otjej/2) U c x =exp (— Oj-ej/2) . (16) 
Here, the unitary matrix Uc satisfies the following conditions i.e. 

UcieijUc 1 =-ei; 
Uc (e 2 ) Uc 1 =e 2 ; 

U c (e 3 ) U^, 1 = - e 3 (17) 
and in order to obtain a convenient unitary representation, one can choose Uc as 



U C = - e 2 = I ° M . (18) 



-1 



This implies that the doublet 



transforms exactly in the same way as ip — \ =2. This result is useful in order to write the 

V d ' 

familiar table of (Clebsch-Gordan) angular momentum [13 coupling coefficients for combining quark and 
anti-quark states together. For this, we include the relative minus sign between the d and u components 
which has appeared in equation (|19[) . As such, 

• For T = 0, qq combination -j=(uu+dd)i — > -^(u*u + d*d)= tp^ip where A= is used as normalization 
constant. So, under an SU(2)f transformation, 

V^ 1 — > ^H" =^U^Utj) = ip^ip; (20) 

showing that ip^ip — (uu + dd) = |0, > is indeed an SU (2) f invariant for isospin singlet states T = 
and T 3 = 

• For T = 1 (isospin triplet), we consider the three quantities (pj defined as 

<Pj=*l>Hie j )1>(yj = 1,2,3) (21) 
along with an infinitesimal SU (2) f transformation 



^ = (1 2 - ajej/2) i>. (22) 
So, on using equations (fTTj) and (|2U1) . we get the iso- triplet for T = 1 as 




(ud + du) 
—iud + idu 
(uu — dd) 



—j= | (—iud + idu) 



(23) 



where ipz — -^(w — dd) = |1,0 > describes the state corresponding to quantum number isospin (T — 
1;T3 = 0) analogous to neutral pion 7r°. Similarly, we may assign the isospin quantum numbers to the 
linear combination of y^and t^as for isospin (T — \\T^ — —1) analogous to charged pions 7r~as 



V2 



(ipi + itp 2 ) =^ ud= |1, -1 > 



and for isospin (T = 1\T% = +1) analogous to charged pions tt + as 

(if! - iip 2 ) =^ du= |1, +1 > . 

3 Quaternions and Dirac spinors 

Let us define the free particle quaternion Dirac equation [26J for a particle of mass m as 

{i-y^dft - m) ip =0. 



(24) 



(25) 



(26) 



Here, we used the following quaternion valued Weyl representation of 7 matrices as it is convenient for 
ultra relativistic problems i.e 
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-T j 



(Vj = 1,2,3). 



(27) 



In Weyl representation, we have (7 ) = 7 , (7^) = — 7 J and {y M , y"} = y^y' 7 + 7^7^ = (v)x, v = 
0,1,2,3). Rather, at sufficiently low energies [37] the effect of weak interactions dies away and the 
dominant contribution appears due to the presence of electromagnetic and the strong interactions both 
of which are Parity conserving interactions. So, we use the simplest representation that closes under 
Parity P for Dirac spinor field ip in equation (f2T)]) as, 



(28) 



where (i, 0) and (0, \) are the simplest representations of the Lorentz group SL(2, C) so that an object 
transforming in the (^, 0) representation is called a left-chiral i/jl Weyl spinor. Similarly, an object 
transforming in the (0, ^) representation of Lorentz group SL(2,C), is called a right-chiral Weyl spinor 
ipR. It is to be noted that the meaning assigned to the technical word 'chiral' (or so called chirality means 
handedness)) is associated with the matrix y 5 which anti-commutes with all Dirac matrices (12"T1) i.e. 



{Y 5 , Y^} =YV + 7V = (V// = 0, 1, 2, 3). 



(29) 



G 



So, from the anti-commutation relation {y M , y"} = y^y' y + 7" 7^ = (V/i, v = 0,1,2,3) between the 
ymatrices (|27|). it can be easily seen that the matrix 



^■i; l) -={7 °j «»' 



satisfies Eq. (j2U)) along with the following properties 



(7 5)t = 7 5. ( 7 6)* = J 2 _ L (31) 

As such, we may define the "left-handed" and "right-handed" projection operators (which are generally 
used as the terms "left-chiral" and "right-chiral") as 



Pl = \(i-i 5 ); P fl = i(i + 7 5 ); (32) 

which shows that the operators Pl/r project onto the left/right-chiral Weyl spinor as 



= ^ (l - 7 5 ) V> = ( ^ J =4>l; P R ^ = \{i + ^)i> = f ^ j =V*- (33) 

Thus, we may write the suitable Dirac Lagrangian for left-right chiral spinors as, 



C D ^{e^d^ipL + ip^e^d^jR - m (i>[ip R + ip R ipL\ ] (34) 

where fi = 0,1,2,3. Here, the Euler-Lagrange equations are obtained on considering and tp* L inde- 
pendent (since they are complex fields) and similarly for tp R , tp%. Then, performing the variations with 
respect to ip* L and 4>r, we get that the Dirac equation ([2"6"]l is equivalent to the pair of equations 



e^d^R =mip L . (35) 

These two pairs of equations decouple for the m = (i.e for zero mass) particles like neutrinos. We may 
also write the Lagrangian in a compact form for which it is convenient to define the Dirac adjoint spinor 
as ip = 7/^7° = (^tp R ,ip\^j in chiral representation, hence, the compact and consistent form of the Dirac 
Lagrangian may be written as, 



L D =i> {yfdp - m) i>. (36) 

4 Flavor SU (3) / and Octonions 

Gell-Mann and Ne'eman [28] were the first to propose SU(3)f as the correct generalization of isospin 
SU (2) / to include third quantum number the strangeness along with the isospin. The Gell-Mann A 
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matrices are used for the representations of the infinitesimal generators of the special unitary group 

called SU(3). This group consists eight linearly independent generators Fa = ^-(VA = 1,2,3, 8) 

which satisfy the following commutation relation as 



[F A ,F B ] ^iJabcFc 



(37) 



where Jabc is the structure constants of SU{3) like ejki of SU{2) and is completely antisymmetric. The 
Gell-Mann matrices \a(V A = 1, 2, 3, 8) are defined as 



Ai 



A 3 = 



Ay 




(38) 



which satisfy the following properties 



(MY =Aa; 

Tr(\ A ) = Tr(\ A \ B ) = 25 AB] 

[Xa,Xb] =2if ABC \ c ; 
4 

{Aa, A_b} =-Sab + 2 (Iabc^c- 



(39) 



Here cIabc is totally symmetric tensor and it is required only to obtain one of the Casimir operators 
of SU(3) symmetry group. Gellmann A matrices obviously act on three component column vectors as 
the generalization of the two component isospinors of SU(2). The generators of SU(3)f connect three 
quarks namely the up (u), down (d). and strange (s) quarks so that we may consider unitary 3x3 
transformations among them as 



(40) 



where tp now stands for the three component column vector 



( U 

d 

V * 
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and W is the 3x3 unitary matrix of determinant 1. The representation provided by this triplet of states 
is called the fundamental representation of SU(3)f. An infinitesimal SU(3) matrix may then be defined 
as 



Wi„fi =1 3 + %X\ (41) 

where \^v& the unit matrix of order 3 and x is 3 x 3 matrix and satisfies the properties of octonions 
|17l [T9"] . The relation between Gell - Mann A matrices and octonion units are given [TB] as 



ei =>iAi, e 2 =4> e 3 => i\ 3 i — >■ •*=>■ iA^; (V A = 1, 2, 3); 

z z z 

e 4 ^-A 4 , e 5 -As, e A = -\a\ (VA = 4,5,); 

? z z 

ee^-^^e, e 7 => --A 7 ,<^=> e A = —z\a\ (VA = 6,7,); 

eo «=>^A 8 ; (42) 

where ex (A = 1,2, ,7) are imaginary octonion units and eo is the real octonion basis element corre- 
sponding to unity. Here, a set of octets (eo, e\, e%, e^, e^, e§, ee, e 7 ) are known as the octonion [5] basis 
elements and satisfy the following multiplication rules 



e = 1; e e A = e A e =e A ; 
e A e B = -Wo + fABcec- (V A, B,C=1, 2, , 7). (43) 

The structure constants f A sc is completely antisymmetric and takes the value 1 for the following com- 
binations, 



Jabc = +1: 

V {ABC) = (123), (471), (257), (165), (624), (543), (736). (44) 

Thus, it is worth noting to suitably handle the octonions in order to reexamine the SU (3) / symmetry 
group and its properties. 



5 Generators and Casimir Invariants 

A very useful concept in group representation theory is that of Casimir operators [16, 29J although there 
is no general agreement [TS] on a unique definition of Casimir operator|Hl E]. Nonetheless, there exists 
a set of invariant matrices [15] which can be constructed from the contractions of the generators of a 
Lie group. Such invariant matrices are called the Casimir operators |15l I29| and hence commute with 
all the generators of a Lie group. A familiar example, from ordinary quantum mechanics, is the Casimir 
operator L 2 for the rotation group. It commutes with the three generators ~~t of the rotation group and 
its eigenvalues l(l + l)H 2 label the 'simplest' states of particles with angular momentum. Hence, a Casimir 
operator is a nonlinear function of the generators that commutes with all of the generators of the group. 
The adjoint representation of the algebra is given by the structure constants , which are always real i.e. 
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= if abc Xc; 

= -JbcdIadeXe- (45) 

If there are N generators, then we get a N x N matrix representation in the adjoint representation. From 
the Jacobi identity, 

= 0; (46) 

we get the similar relation for the structure constants i.e. $bcd!ade + IabdJcde + /cad/bde = 0. 
The states of the adjoint representation correspond to the generators \X a >. We may now consider the 
simple Lie-algebras whose generators satisfy the commutation relation 

[TT,T b ] =^/ abc T c ; (47) 

k 

where we use Hermitian generators T a in order to choose the Killing form |16j proportional to <5 a6 i.e. 



Xa , Xb 



X, 



Xr , Xr 



= if. 



BCD 



Xa , X L 



X A , 


Xb , Xc 




+ 


Xb , 


Xc , Xa 




+ 


X c , 


Xa , Xb 



Trace TT b oc S ab ; (48) 

with a positive and representation dependent proportionality constant that can be fixed from the choice 
of the group. With this convention the structure constants f abc are real and completely anti-symmetric 
and the generators of the adjoint representation are related |16| to the structure constants 



{yA) a bc =-^f abc ■ (49) 
From the commutation relations (|45p . one can write the anti-symmetric structure constant as 



f abc = - 4 Trace [ [T a , T b ] T c ] ; (50) 
C 

where the generators T a act on N x N matrices of a semi simple Lie (Special Unitary SU(N)) group 
of ^V 2 — 1 generators under the condition Trace T a = and C is Casimir operator. So, the adjoint 
representation of the group plays an important role to examine the Casimir operators due to the equation 
P7j) . Hence, the commutation relation pp| does not really diminish the number of generators of the 
adjoint representation. Rather, it is a different way of writing the Jacobi identity [TB]. Casimir operator 
for corresponding group, every expression C in the T°'s commutes with all the basis elements of the 



algebra i.e. 



C,T° 



0. In general, C does not belong to the algebra as it is not linear in T°. The 
number of generators required to give a complete set of Casimir invariants is equal to the rank of the 
group. Casimir operators are used to label irreducible representations of the Lie algebra. The utility of 
Casimir operators arises from the fact that all states in a given representation assume the same value for 
a Casimir operator. This is because the states in a given representation are connected by the action of the 
generators of the Lie algebra and such generators commute with the Casimir operators. This property 
may then be used to label representations in terms of the values of the Casimir operators. 
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6 Casimir Operator for Quaternion SU(2) group 



In Section-2, we have already stated the correspondence between the quaternion units ej and generators 
of SU (2) isotopic spin group. One of the important property of SU (2)group is the existence of invariant 
operator (namely the total angular momentum, J 2 in internal isotopic spin space) which commutes with 
all of the generators of SU (2) group. For compact groups, the Killing form is just the Kronecker delta. 
So, for SU(2) group, the Casimir invariant is then simply the sum of the square of the generators I x ,3 y ;3 z 
of the algebra, i.e., the Casimir invariant is given by 



J 2 =J 2 +JJ 2 +J 2 . (51) 

The Casimir eigenvalue in a irreducible representation is j 2 = j(j + l) where for brevity we use the natural 
units c = h = 1. Since the number of Casimir operators corresponds to the rank of the group, there 
is only one Casimir operator in SU(2) which obviously commutes with all the generators. The Casimir 
operator is proportional to the identity element (i.e. the scalar quaternion unit eo). This constant of 
proportionality can be used to classify the representations of the Lie group and is also related to the mass 
or (iso)spin. The proportional constant for (iso) spin SU(2) group denotes the "square" of total (iso)spin 
I 2 = 1(1 + 1) for I = 1/2. We have already stated that the generators of SU(2) isospin [TO] in terms of 
quaternions are Tj = ^Tj = | ej(Vj = 1, 2, 3) and satisfy the commutation relation (|14[) analogous to Eq. 
(l4"T)) . So, the Casimir operator for SU(2) quaternion group is 



I 2 =Z (52) 

with eigenvalues 1(1 + 1). It is isomorphic to the For 5*0(3) group for which the Casimir Operator is the 
total angular momentum J 2 given by equation (|5ip . So, the members of the irreducible representations 
of isospin (or angular momentum) are represented by the 2 numbers / and m associated respectively r 
with the total (iso) spin and its z— component i.e. 



'2 J > 



I, m >=/(/ + 1) |J, m > 

/, m >=m |J, m > . (53) 



The individual states are connected by the "ladder operators" 



I± =l x ±l y ; 

I±|I, m>=V(/=Fm)(/im + l)|J, mil >; (54) 

where / can be determined by the formula n = 21 + 1 (n is the dimension of the generator) and for a 
given /, the value of m can be —J, —I + 1, 1—1,1; so that it has 21 + 1 degenerate states for a given 
I. For SU(2); n = 2, I = 1/2, and m = — \ or m=+\ (an iso doublet). For continuous symmetries, the 
resulting quantum numbers (eigenvalues of the "total" Casimir operator - the total isospin) are obtained 
from the appropriate "addition" of the quantum numbers of the individual representations being added. 
The rank of SU(2) group is n — 1 = 2 — 1 = 1 leading to the definition of Casimir Operator that there 
exists only one non linear invariant operator (i.e. the Casimir Operator) for quaternion SU(2) group. 
Hence, the Casimir Operator for SU(2) group may then be constructed from the square of the isospin 
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(152)1 as 



a—1 a—1 



(55) 



where e\ = e| = e| = — 1; eg = eo = 1. is the unique Casimir operator. This invariant operator obviously 
commutes with all the generators of quaternion SU(2) group i.e. 







C,ly 




C,I Z 




C,I± 



(56) 



7 Split Octonions 

Let us start with an octonion O, which is expanded |30| in a basis (eo, e A ) as 



A=7 



O = O + J2° Ae A(VA, B.C, = 1, 2, 3, 7); 



(57) 



A=l 



where eA(A = 1,2, , 7) : the imaginary octonion units and (eo = 1) : the real octonion unit satisfy the 

properties given by Eqs. (|43p and f|44[) for non-commutative and non-associative octonion algebra. So, 
we write the octonion conjugation (O), octonion norm \0\ and octonion inverse (0 _1 ) [51 IT71 [T51 \T§1 [21?] 

as 



A=7 



= 0- J20 A e A (VA, B.C, = 1, 2, 3, 7); 

A=l 

A=7 

\0\ = N (O) =< Op >=GO = 00 = (O ) 2 + (° A ) 2 

A=l 

\0\ N(O)' 

o^o = oo- 1 = 1. 

For three octonions x,y,z G 0, the non- vanishing associator is defined by 



(58) 

(59) 

(60) 
(61) 



< z, y, z >=x(yz) - (xy)z. (62) 
It vanishes only for those non-commutating combinations for which the structure constant f ABC = 1 i.e. 



< eA,e B , e c >=(ei,e 2 ,e 3 ) = (e 4 ,e 7 ,ei) = (e 2 ,e 5 ,e 7 ) = (ei,e 6 ,e 5 ) 
=(e 6 , e 2 , e 4 ) = (e 5 , e 4 , e 3 ) = (e 7 , e 3 , e 6 ) = 0. 



(63) 



It justifies that an octonion resembles to SU(3) symmetry consisting seven non Abelian SU(2) symmetry 
groups analogous to quaternions. However, the octonion algebra over the field of complex numbers is 
visualized as the Split Octonion algebra [3 [T7] with its split base units defined as 
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u = - (e + ie 7 ) ; Uq = - (e - ie 7 ) ; 
= ^ (e m + ie m+3 ) ; «^ = |(e m + «e m +3) (Vm = 1, 2, 3); (64) 

where (*) denotes the complex conjugation and (i = \J — 1) (the imaginary unit) commutes with all 
^(VA = 1, 2, 3, 7). In equation (I64p wo, Uq' w ji u j are defined as the bi-valued representations of 
quaternion units eo , e-i, e2, e3 satisfy e^e^ = —5jk + tjkiei (Vj, fc, Z = 1,2,3). Thus, The split octonion 
basis elements (|M|) satisfy the following multiplication rules 



UiUj = -u 3 Ui = CijkU* k , UiU = -u*u* = e ijk u k ; 



UiU* 


= -SijU , 


U*Uj 


— 5ijU ; 


U Q Ui = 




« 


= u*u = u* 


UiU = 


= u u* = 0, 




= u* Ui = 0; 


U Uq 


= u Mq = 


u = 


U , Uq 2 = Uq 



These relations (|63|) are invariant [TTj under G2 group of automorphism of octonions. Under the SU(3) 
subgroup of automorphism group G2 that leaves the imaginary unit ej{ or equivalently the idempotents 
uoand Uq) invariant, and the w m and uJ,(Vm = 1,2,3) transform like |17| a triplet (3) and anti-triplet 
(3*) of SU(3)f . Unlike octonions, the split octonion algebra contains zero divisors and is therefore not 
a division algebra. 



8 Split Octonions and SU (3) / Symmetry 

The split octonion algebra may now be regarded as the Lie algebra of SU(3). So, we may write the 
complex Octonion (ji in terms of split octonion basis as, 



(66) 



where 



/ 0i 



(67) 



Here, we may illustrate the transformations of the associated split octonion u with Cell Mann A matrices 
as, 
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and 



u^XiU =u*u 2 + u^ui; 

v)\ 2 u = — i (1**1*2 — u^ui) ; 

v)X 3 u =u*ui — 1*21*2 = — 1*1 Asu = — v)Yu; 

u^X^u =u 3 u\ + u*u 3 ; 

u^X$u = — i (u 3 u\ — 1**1*3) ; 

u^Xqu =1*21*3 + 1*31*2; 

v)Xju = — i {ut,u 3 — 1*31*2) ; 

U^XsU =U*Ul + 1*21*2 — 2it*u 3 . (68) 



— ^=t^A 3 i* = — ^= {u\ui — U2U2) = —u\\su = —v)Yu; 
v 3 v 3 



2 V V3 

As such, we may establish the step up ( shift ) operators as 



u ^\, ( *3 + "4= A 8 ) u =u 1 Qu = 2 (u*m - u 3 u* 3 ) . (69) 



u (Ai + 1X2) u =u*I + u = u*u 2 ; 

(A4 + iAs) it =v)~U+u = U3U1; 
i* t (Ae + «A 7 ) i* =?i t V r + ii = U2U3. (70) 

and we may construct the two such independent Casimir (operators) for the split octonion SU(3) 
group. Similarly the step down (shift) operators may be expressed as 



U* (Ai — ^2) U =U'I-U = U 2 Ui; 

ir (A4 — 1X5) u =u'U-U = u*u 3 ; 

u ^ {Xq — iX-j) u =u'V-U = U3M2. (71) 

The split octonion group thus decomposes SU(3) into singlets (uq ; uj), a triplet m and an anti- triplet 
u*. Consequently, the 5/7(3) flavor symmetries are suitably handled with split octonions and may be 
explored with I—, U— and V— spins (flavors) of SU(2) group as 



Ii = u*U2 + h = —i (u*U2 — u^ui) ; ^3 = u*u\ — u\u,2 (I — Spin); (72) 

V\ = U3M1 + u*«3; V2 = —i {u%u\ - u*u 3 ) ; V 3 = -i(u* 2 u 2 - u 3 u 3 ) (V - Spin); (73) 

Ui = u* 2 u 3 + u* 3 u 2 ; U 2 = -i {u^u 3 - u* 3 u 2 ) ; U 3 = -i((u*U! - 2u 3 u 3 )) (U - Spin); (74) 

along with the spin octonion valued hyper charge is described as 

Y = -^=X 8 = -j= (u*ui + 1*21*2 - 2iigi* 3 ) . (75) 
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Likewise, the spin octonion valued shift operators for I—, U— and V— spins (flavors) of SU(2) group are 
also analyzed as 

I + =u\u 2 ] I- = 

V+ —u^ui, V- — u*U3 

U + =u 2 u 3 ; U-=u* 2 u 3 . (76) 
The commutation relations between I + and J_ , U+ and {/_ and V+ and V_ are then be described 



[/+,/_] =2/ 3 ; [/ 3) /±]=±/±; 
[E/+, L7_] =2f/ 3 ; [Z7 3 , Z7±] = ±Z7±; 
y_] = 2^ 3 [V 3 ,V±]=±V±; 
[I + ,V + ] = [I+,U + ] = [U + ,V+] -0; 

[F, J 3 ] = [y, C7 3 ] = [y, F 3 ] =0. (77) 



Accordingly, the Charge Q is described as 



Q =2 - U3W3) . (78) 

These equations satisfy all the commutation relations of /, U and V - spin multiplets of SU(3) flavor 
group along with the Gell- Mann Nishimija relation Q = ^ + 7 3 . 

9 Casimir Operators for split Octonion SU(3) group 

The group 51/(3) deals the global SU(3) of quark flavors and the local 5 , f7(3)cgauge symmetry of quantum 
Chromodynamics (QCD). Here we are interested in the former case where the fundamental representation 
is the triplet of (lowest mass) quarks flavors u, d,s. In the latter case the fundamental representation 
is the triplet, A — 1,2,3 (or red, green, blue), with one such triplet for each of the6 quark flavors. Let 
us start with suitably handled split octonion SU(3) symmetry associated with triplet of (lowest mass) 
quarks flavors u, d,s. So, formulas ([53| and (j54|) can be generalized to the case of ST/ (3) symmetry where 
we have n = 3, I = 1, and m = +1, 0, —1 forming an iso-triplet of triplet of quarks flavors it, d,s. The 
group SU (3) is of rank two (i.e. n— 1 = 3— 1 = 2). So, it is to be noted that the individual members of an 
irreducible representation of SU (3) are labeled by 2 constants. These are defined by the third component 
of Iso-spin I3 = and hypercharge Y = ^gAsboth are diagonal. Consequently, we may construct |13) 
two independent the Casimir invariant tensors (operators) for split Octonion SU (3) group as 

2 A=8 
&2 = —-i Jabc FaF b Fc = F\ (79) 

A A=l 

and 

C z =d AB cFA~FBFc (80) 

where Fa (VA, B,C = 1,2,3 ,8) are suitably handled with split octonions in terms of I— , U-, and 

V— spins SU (3) flavor symmetry. It is easily verified that C 2 and C3 commute with all the generators 
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Fa and the shift operators I—, U-, and V— spins of split octonion SU(3) group as well. These Casimir 
operators C p (Vp — 2,3) also commute with the Hamiltonian H of strong interactions. 

10 Conclusion 

The foregoing analysis provides a fundamental representation of quaternions and the split octonion algebra 
in order to investigate the flavor SU(2) and ST/ (3) symmetries. Instead of Pauli Spin matrices for SU(2) 
group we have used the compact notations of quaternions while for the case of SC/(3) symmetry we have 
established the connection between the Gellmann A matrices and octonion basis elements. The isospin 
symmetry and the quark-anti quark symmetries are suitably handled with quaternions and octonions. It 
is shown that the structure constants of SU (3) symmetry resembles with those of multiplication identities 
of octonion basis elements. This result is useful for the use of familiar table of (Clebsch-Gordan) angular 
momentum coupling coefficients for combining quark and anti-quark states together by using quaternions 
and octonions. It is remarkable that the SU(3) group of split octonion is an invariant sub group of 
octonion automorphism group G*2- So, it is necessary to handle whole SU(2>) symmetry in terms of 
split octonions in an enthusiastic manner. Since Casimir operators for split octonion gives explicit basis 
for various sub-algebras, a set of commuting operators in terms of various permutations of octonions 
and isospin multiplets is the useful for the unique and consistent representation for SU(2) and SU(3) 
flavor symmetries and the theory of strong interactions as well. Consequently, the analogous Casimir 
operators for SU(2) and SU(3) flour symmetry groups are analyzed and suitably handled respectively 
with quaternions and octonions. It is also shown that analogous Casimir operators commute with the 
corresponding generators of SU (2) and SU (3) gauge groups. 
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